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Abstract 

We define cup coproducts for Hopf cyclic cohomology of Hopf algebras and for its dual 
theory. We show that for universal enveloping algebras and group algebras our coproduct 
recovers the standard coproducts on Lie algebra homology and group homology, respectively. 

1 Introduction 

In this paper we define cup coproducts for Hopf cyclic cohomology of Hopf algebras by establishing 
Kiinncth formulas for Hopf cyclic cohomology. Cup product for cyclic cohomology of algebras was 
first defined by Connes in [4]. Kiinneth formulas and (co)products for cyclic theory of algebras has 
been established by several authors [U [2] [8j [H] HH [18] (cf. also Loday's book [23] and references 
therein for a full account). Ever since the discovery of Hopf cyclic cohomology by Connes and 
Moscovici and with computations carried on in [6] [7] , it was clear that this theory and its dual 
counterpart [19j is a noncommutative analogue of Lie algebra homology and group homology. This 
of course poses a natural question: to what extent cup products in Lie algebra and group coho- 
mology can be extended to Hopf cyclic cohomology. This question is answered in this paper. We 
use the theory of cyclic modules and the definition of Hopf cyclic cohomology (with coefficients) 
in terms of cyclic modules [S] [H] to define our coproducts in a natural way via Eilenberg-Zilber 
isomorphisms for cyclic modules. This gives us an external coproduct. By specifying to cocommu- 
tativc Hopf algebras we then define cup coproducts for Hopf cyclic (co)homology of cocommutativc 
Hopf algebras. 

This paper is organized as follows. In Sections 2 and 3 we recall the Eilenberg-Zilber isomor- 
phism and Kiinneth formula for cyclic homology. In Section 4 we recall the definition of Hopf 
cyclic cohomology with coefficients in an stable anti-Yetter Drinfeld module and work out the 
Eilenberg-Zilber isomorphism and Kiinneth formula in the context of Hopf cyclic cohomology. In 
Section 5 we define external coproducts for Hopf cyclic cohomology and in Section 6 by restricting 
to cocommutative Hopf algebras we obtain internal coproducts on Hopf cyclic cohomology. It is 
known that when restricted to universal enveloping algebras, Hopf cyclic cohomology reduces to 
Lie algebra homology [6]. In Sections 6 we show that under these isomorphisms our coproduct 
coincides with the coproduct in Lie algebra homology. In Section 7 we look at the dual Hopf cyclic 
homology as defined in [19] and define a coproduct on it. It is shown in [19] that when restricted 
to group algebras, Hopf cyclic homology is isomorphic to group homology. In this section we check 
that under this isomorphism our coproduct coincides with coproduct in group homology. 

It should be mentioned that the term cup product is also used for a different type of operation 
in Hopf cyclic theory. Thus the cup products defined and studied in [TOl [T2l H~3l [T4l [2T1 [24] involve 
an action of a Hopf algebra on a (co)algebra and is a pairing between Hopf cyclic cohomology of 
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the given (co)algebra and Hopf cyclic cohomology of the acting Hopf algebra. This operation is in 
fact an extension of Connes-Moscovicvi's characteristic map from [7|. 



2 Eilenberg-Zilber isomorphisms 

In this section we state the Eilenberg-Zilber isomorphisms for Hochschild, cyclic and periodic 
cyclic (co)homology of (co)cyclic modules. Given a (co)cyclic module (C,S,s,t) [3 [23], where 5, 
s and r are (co)faces, (co)degeneracies and (co)cyclic maps respectively, we denote its Hochschild 
differential by b = Y^i=o(~^) l ^i- an< ^ Connes' differential by B . Any (co)cyclic module defines a 
mixed complex (C, b, B) in a natural way [3QI1I23]. Suppose (C n ,Sf, s™, r n ) and (C' n , <5f, sf ,r /n ) 
are two cocyclic modules. The diagonal C x C' is the cocyclic module ((C x C") n , <5" ® S'™, s™ ® 
sf\ T n ®T' n ) where 

(C x C") n = C n ®C' n . 
The tensor product complex C ® C given by 

{C®C') n = C P ®C*' 9 , 

is not a cocyclic module but it has a mixed complex structure given by 

b n = (bi ® idj + {-lyi^ (8 ^), 

and similarly for _B. 

We have two natural maps between these complexes. The Alexander- Whitney map 



is given by 
where 

are defined by 
The Shuffle map 
is given by 

where 

are defined by 



AW n : (C ® C') n ~^(Cx C'Y\ 

AW n = AW itj , (2.1) 

i+j=n 

AW id : C l g> C' 3 -^C n ® C' n , 

AWij = SXll ■ ■ ■ Cti ® W" 1 ' ' ' <% +1 - (2-2) 

sh n : (C x C") n — ► (C® C")", 

s/in = S^j, (2.3) 
i+j— n 

.-•//,., : (C x C") n — > C l ®C" J , 
a/iij = £ «sn(a)4 (i+1) • • • ® • • • s™^ 1 , (2.4) 



2 



and a runs over all (£, j)-shufnes. By an (i,j) shuffle we mean a permutation a on elements 
{1,2,..., n} such that 

er(l) < cr(2) < ■ • ■ < a(i), <r{i + 1) < a(i + 2) < • • • < a(n). 

One has [b, sh] = and [b, AW] = in the normalized setting. It can be shown that 

sh o AW = id, AW o sh = bh + hb + id, 

for some chain homotopy map h |23| . So they induce inverse isomorphisms on Hochschild coho- 
mology, called the Eilenberg-Zilbcr isomorphism: 



HH n (C $ C) S ffff n (C x C) Vn > 0. 
In the dual case of cyclic modules, the map 

AW n :{CxC') n ^{C®C') n , 



(2.5) 



is given by 



AW n 



AWi, 

i+j=n 



where AWi j : C n ® C' n — > Ci <8> C' are given by 



Also 

is given by 

where shij : Ci ® C' 



s/i„ : (C®C') n — > (CxC")n, 

i+j=n 

C n <S> C' can be defined as: 



(2.6) 



(2.7) 



S ( r( t ) 



(2.8) 



(2.9) 



Now we state the Eilenberg-Zilber isomorphism for cyclic cohomology. To this end, we define 
another map namely the cyclic shuffle map as follows |HJ[53]. First we define an (i, j)-cyclic shuffle. 
Let i,j, neN with n — i + j. Consider the permutation a on the n elements {1, . . . , n} obtained 
by first performing a cyclic permutation p times on {1, . . . , i} and a cyclic permutation q times on 
{i + 1, . . . , i + j} and there after applying an (i, j)-shuffie to the combined result. We call a an 
(i, j)-cyclic shuffle if 1 appears before i + 1 in the resulting sequence. One can define another map 
namely sh' which is in fact a cyclic version of the shuffle map: 



where 



and sh 1 ^ : C n ® C' n 



sh' n : (C x C) 
sh' = 



{c®cy 



sh 't,j' 

i+j=n 



(2.10) 



C l 1 ® C" J 1 , are given by 
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Sh 'i,3 = Yl si 9 n ( a ) S \-p-l T i +1 S l{i+1) 



S a(n) ® S j-q-l T j S a(l) S <r(i) " 



(2.11) 



Here a runs over all (i, _j)-cyclic shuffles. 

We denote the (b, i?)-bicomplex ol a (co)cyclic module C by B(C) and its total complex by 
TotB{C). It is a mixed complex. Recall that an S- map |17l I23| between mixed complexes is a map 
of complexes / : TotB(C) — > TotB(C) which commutes with Connes' periodicity map S. In fact 
an S-map has a matrix representation: 



( fo fi /a • • • \ 

f-i fo fi 

f-2 f-1 fo 

V ! 



(2.12) 



where /, : C* 



C'*~ 21 , and 

[B,f i+1 ] + [b,f i }=0. (2.13) 

An 5-map induces a map on the level of cyclic cohomology. Now we define the desired 5*-map 
Sh : TotB(C x C) — » Toi2?(C ® C") as: 



/ sh sh' 

sh sh' 

sh 

v ; ••• 



(2.14) 



The condition (|2.13p reduces to the following relations in the normalized setting: 

(1) [b,sh}=0, 

(2) [B, sh] + [b, sh'} = 0, 

(3) [B, sh'} = 0. 

Also there is another 5-map AW : TotB(C <g> C) — > TotB(C x C), given by 



AW 



Here AW' n = Vn B n AW n : (C ® CJ 



( AW AW' 
AW AW' 
AW 



\ 
J 

(C x C") n_2 , where [U [25] 



(2.15) 



V"Y 1 } n ~P~ q J r a { cx ^) ( g * c c A A ^ 

— Z^V / V^Pg+ro— p— ' ' ' ^fii+n — p— qSn— p — q— l u n — g+1 ' ' ' °n J 

® (^a p -)-i+rt— p— q ' ' ' ^a±-{-ri—p—q^n—p—q ' ' ' ^n—q—l)' 

The sum is taken over allO < q < n—1, < p < n — q—1, and (a, 0) runs over all (p + 1 , q)-shuffles 
where <j(a, /?) = XX a * — « + 1)- One can show [1] 

S7i o AW = id, AW oSh=(b + B)oh + ho(b + B)+id, 

for some homotopy map h : C ®C — > C x C" . Thus we obtain the Eilcnbcrg-Zilbcr isomorphism 
in cyclic cohomology [TJ [201 123] : 



HC*(C x C") = HC*(C ® C"). 



(2.16) 
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In the case of cyclic modules, one can define 



sh' n : (C ® C') n -4(Cx C')„+ 2 Vn > 0, (2.17) 

and 

AW' n : [C x C') n — X (C «> C') n+2 Vn > 0. (2.18) 

This enables us to have the S-maps Sh : TotB(C®C) — > TotB{C x C"), and AW : TotB(C x 
C) — > TotB(C ® C) which induce the Eilcnberg-Zilbcr isomorphism in cyclic homology. 

We have the Eilenberg-Zilber isomorphism for periodic cyclic cohomology as follows. One knows 
that \iujTot 2n+ *B(C) = ® n >oC 2n+ * , where * = 0, 1 and the direct limit is with respect to Connes' 
periodicity map S. Since direct limit commutes with homology we have 

limif C 2n+ *(C) = \m^H(Tot 2n+ *B(C)) = H(\u^Tot 2n+ *B(C)) = H(® n > C 2n+ *) = HP*(C), 

where * = 0, 1 . Since 

HP*{C ® C) = lu^HC 2n+ *(C ® C) = \j^HC 2n+ *{C x C 1 ) = HP*(C x C"), 

we obtain the Eilenberg-Zilber isomorphism for periodic cyclic cohomology: 

HP*{C®C')^HP*{C xC), (2.19) 

The explicit maps which induce the isomorphism (|2.19[) , arc infinite matrix versions of Sh and 
AW. 

There is an obstacle to get the Eilenberg-Zilber isomorphism for periodic cyclic homology. The 
problem comes from the fact that homology does not commute with inverse limit in general. The 
Mittag-Lcffler condition [9 on the inverse system (HC(C)[—2m], S) m guarantees the commutativ- 
ity of homology and inverse limit. If we have this condition, with a similar argument we obtain 

HP n (C ® C) Si HP n (C x C). 



3 Kiinneth formulas 

In this section we recall the Kiinneth formula for Hochschild and cyclic (co)homology of (co)cyclic 
modules and introduce a formula for the periodic case. If C and C are cocyclic objects in the 
category of vector spaces, we have the following Kiinneth formula: 

HH n {C®C')^ HH p {C)®HH q {C) Vn > 0. (3.20) 

p+q=n 

The above isomorphism is induced by the following natural map 

3 : [a] ® .— ► [a® 0\. (3.21) 

The same map induces an isomorphism for Hochschild homology of cyclic modules. 

In the case of cyclic homology we do not have an isomorphism similar to (|3.20[) . Instead, there 
is a short exact sequence [15j [TH [23] : 

— ► Tot n B(C ® C) — Tot l B(C)®Tot :j B(C') -^±1 

i-\-j—n 
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TotiB{C) g> Tot 3 B{C) — > 0. ^ 22 ) 

The map I is called the Kiinneth map which can be defined as follows. Let TotB(C) = k[u] <8> C, 
where |u| = 2, TotB{C) = k[u'] <g> C" where \u'\ = 2, and TotB(C ® C") = fc[w] <g> C ® C" where 
|«| = 2. One can define the map I as [21 I23j: 

I(v n ) = uP u' q - (3.23) 

p+q=n 

From the Kiinneth short exact sequence (|3.22[) , we get the following long exact sequence in homol- 
ogy: 



HC n (C®C) — ^ Hd(C) ® HCjiC) 



i+j=n 

d 



ffCi(C) ® HC,-(C") — HC n -!{C ® C") 

i-\-j=n — 2 

For cyclic cohomology, we have the following short exact sequence: 



§id—id<g)S^ 



0^ TofB(C) ® Tot j B(C') 

i~\-j—n — 2 

Tot l B{C)®Tot 3 B(C) — ^ Tot n B(C®C) — > 0. 

i+j — n 

Consequently, we get the following long exact sequence in cohomology |17j : 

... HC^iC^C) — — > HC P (C) ® HC q (C) ggigz!^ 

p+q=n — 2 

HC r (C)®HC s (C) — > HC n {C®C) — 2— > 

r+s— n 

ggi±^ (3 24) 

i+j=n— 1 

where 9 is the connecting morphism of short exact sequences. In this case, the Kiinneth map 



? : i/C"(C ® C") — > iJC^C) ® HC 3 (C), 

i+j — n 



is given by 



<; = dpi(S®id-id®S)d. (3.25) 

Now we state the Kiinneth formula for the periodic case. One can find the formula for algebras in 
[5]. Here we provide a similar argument in the general case of (co)cyclic modules. Recall that a 
supercomplex is a Z2-graded vector space V = Vq © V\ endowed with linear maps do : Vq — > V\ 
and d\ : V\ — > Vq such that <9o<9i = and dido =0. We denote the corresponding chain complex 

9 ° 

by Vq ^lj where its homology is a Z2- graded vector space given by: 

di 

Hq = Kerdo/ Imdi , Hi = Kerdi/ Imdo- 
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For example the inverse limit ]xmTotB(C) is a supercomplex. In this case V = TotB n (C) , d = B+b 
and we have ^mTotB(C) = (J] C 2n )n>o®(Il C2n+i) n >o- For cohomology, limTotB(C) = V ®Vi = 
(ffiC 2 ™) n >o © (ffiC 2n+1 )„> - A map of supercomplexes is a linear map / : V = Vq © V\ — > 
W = Wo © W\ such that sends Vq to Wo and V\ to Wi . If we have two supercomplexes V and 
W, then V©W is a supercomplex where (F©W) = (V © Wo) © (Vi © Wi) and (F®W)i = 
(Vq <g> Wi) © (Fx © Wb). We define 

d ° -^^©1 -1®^ J and dl -i©a w J (d bj 

The Kiinncth formula for supercomplexes holds: 

H{X®Y) = H{X)®H{Y). 

We define the supercomplex map: 

V : {X^TotBiC^i^mTotBiC 7 )) — ► hmTotB(C © C 7 ). (3.27) 

The restriction of V on (n„> C 2 ") © (TT„>o C l2n ) sends {£„}„ © {&}„ onto {E i+J '=„ 6 ® &}«• 
Similarly one can define the restriction of J on (U„>o c2n+1 ) ® (IL>o C" 2n+1 ), (IIn>o C' 2 ™) ® 

(n„> C" 2 ™ +1 ) and (n„>o C ' 2 ™ +1 ) ® (Yl n >o C ' 2n )- To P rove that V i&7a quasi-isomorphism, we 
have two major problems. The first one is the fact that generally homology does not commute 
with inverse limit, i.e., H*(l^mZ m ) ^ HmiJ*(Z m ), where Z m is an inverse system. To solve this 
problem we need the Mittag-Lcfncr condition which guarantees the commutativity. The second 
problem is in general dl^i Vi) ®W ¥ n£i(^i ® W)> where Vi and W are some vector spaces . 
If W is finite dimensional then we obtain an isomorphism . In our case we can think about Vi and 
W as the homology of a cyclic module. Now we are ready to have the following theorem: 

Theorem 3.1. Suppose C is a cyclic module which has the following two properties: 

(i) The inverse system (HC(C)[— 2m], S) m satisfies the Mittag-Leffler condition. 

(ii) The periodic cyclic homology HP*{C) is a finite dimensional vector space. 
Then, the map 

V : HP*{C)®HP*{C) — ■+ HP,(C © C") (3.28) 

is an isomorphism for any cyclic module C . 

Proof. The proof is similar to the one in [5] for algebras. Here we just mention that the 
condition (i) gives us HP(C) = ]imHC(C) \—2m] and (ii) proves 

{HP{C)®]\HC{C')[-2m])* £* ]~J(ffP,_ w (C) © HC m (C')). 

□ 

Thus under the assumptions of the Theorem l3.1[ one obtains the Kiinncth formula for periodic 
cyclic homology as follows: 

HPo(C) © HPo{C) © HPx{C) © ffPi(C') S HPo{C © C), (3.29) 

and 

HP (C) © HPl(C) © HPi(C) © HPo(C') S HP X {C © C"). (3.30) 

For periodic cyclic cohomology, since direct limit commutes with cohomology, we do not need 
(i) and also since \h^TotB(C) = (ffiC* 2n ) Il > © (ffiC* 2n+1 ) n > ) and ffi J > (V r l © W) ~ (ffi;> V;) © W, 
for all vector spaces Vi and W, we do not need (ii). Therefore we have the following theorem: 
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Theorem 3.2. Suppose C and C are two cocyclic modules. Then, the map 

V : HP*(C)%HP*(C) — -> HP*(C ® C), (3.31) 
is an isomorphism and we have the relations (|3.29p and (|3.30p in cohomology. 

4 Eilenberg-Zilber isomorphisms and Kiinneth formulas in 
Hopf cyclic theory 

In this section we establish the Eilenberg-Zilber isomorphisms and Kiinneth formulas for Hopf 
cyclic theory with coefficients. Throughout the paper we assume that Ti is a Hopf algebra with a 
bijective antipodc over a field k of characteristic zero. The coproduct, counit and antipode of H 
are denoted by A, e and S, respectively. For the coproduct we use the Sweedler notation in the 
form A(h) = (g) h^>; for a left coaction of Ti on a comodulc M, <p : M — > Ti ® M, we write 
<p(m) = m^ 1 ' ® rrv- Q \ and for a right coaction we write f(m) = <g> m^ 1 '. If / is a map of 
(co)chain complexes, then /* denotes the induced map on (co)homology. 

Definition 4.1. Let % be a Hopf algebra and M a right module and a left comodule over 
Ti. We call M an anti-Yetter-Drinfeld module, if the action and coaction are compatible in the 
following sense: 

(m/0 C_1) ® M0 (0) = S(hW)m,t-VhW ® mWhW, 
for all m € M and h G Ti. We call M stable if for all m G M , m^~^Tn^ ' = m. 

We abbreviate stable anti-Yetter-Drinfeld by SAYD. For example, given a character, i.e., a 
unital algebra map 6 : Ti — > k, and a group- like element a G Ti, one defines a SAYD module 
M = a ks, where the action of Ti is defined by the character S, mh = S(h)m, and the coaction 
via the group-like element a, <p(m) = a <g> m. Then M = a k$ is stable if and only if (8, a) is a 
modular pair, i.e., 8(a) = 1, and anti-Yetter-Drinfeld if and only if (6, a) is in involution, i.e., 
a^&Qija = h, V7i G H, where S(h) := 6(h^)S(h^)^\. This module is called a modular pair 
in involution. 

Given a Hopf algebra T-L equipped with a SAYD H-module M, we have the cocyclic module 
C(% M) where C n (H, M) = M ® H Ti® (n+1 \n > 0. Its cofaces, code generacies and cocyclic map 
are as follows [T2] : 

5i(m ®u ho <g> • • ■ ® /i n -i) = m ®^ /io ® • • • ® ® h\ 2 ^ ■ • • <8> h n -x, < i < n (cofaces), 
5 n (m ®-u ho <8> • • ■ ® /i n -i) = ®w /&o ® ^i ® ' ' ' ® ^n-i <8> m^ _1 ^/iQ (flip-over face), 
crj(m ® -h^o ® • ■ ' ® /in+i) = m ®w ® ' • • ® e(^i+i) <8 • ■ • <8> h n +i, < i < n (codegeneracies), 
T n (m ®-h ho <8> • ■ ■ ® /in) = ?ti' ' ) ®« fti <8> • • • ® /i n ® mS'^ho (cocyclic map). 

For M =°?c l 5, the complex C(Ti, M) reduces to the cocyclic module of Connes-Moscovici [7]. 

Lemma 4.1. If T-L and K, are Hopf algebras and M and N, SAYD modules over Ti and K. respec- 
tively, then M ® N is a SA YD module over Ti® K, in a natural way. 

Proof. We define the right action by: 

(m®n)(h®k) = mh®nk, (4.32) 
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and the left coaction by: 

(p(m (gin) = m (_1) <g (g m (0) <g n (0) . (4.33) 

We check the compatibility of action and coaction: 

(p((m <g> n)(h <g k)) = (p(mh <g> nfc) = (m/i <g nk)^ l) <g> (mh (g nfc) (0) 
= (to/i)^ 1 ) <g (n/c)^ 1 ' (g (m/i) (0) (g (nfc) (0) 
= SyPW-VhW ® S^y- 1 '*' 1 ' ® m(°»/.( 2 ' ® n (0) £; (2) 
= S n ®ic(h^ ® fc (3) )(m ® njf- 1 )^ 1 ) ® (fc (1) ) ® ((m ® n)(°))(/i( 2 > ® fc( 2 )). 

To check the stability: 

(m<°> ® /'Km'" 11 ® n^) = (m^W -15 ® n^n 1 " 1 ') = (m ® n). 

□ 

We need the following statement later. 

Lemma 4.2. and K, are Hopf algebras and M and N SAYD modules over % and K respec- 

tively, then the following map 

n r : (M ® N) ®n®K (H ® /C)« r+1 — > (M ®« H® r+1 ) ® (JV ®k /C® r+1 ), r > 0, 

given by 

((m ® 7l) ®U®K (ho ® fco) ® - • • ® (ftr ® fer)) 1 ► ( m ® «/k) ® ' ' ' ® ^r) ® (" ®JC ® ' ' * ® fc r )j 

is well-defined and defines an isomorphism of cocyclic modules: 

C(H ®lC,M(g)N) = C{H, M) x C(K, N). 

Proof. Since we consider H, K and U®K as H® m , K® m and (H®/C)® m -modules, respectively, 
by diagonal action, the map fi is well-defined. We show that fi r commutes with Si and r r , where 
< i < r. The commutativity of tt r with S r and oVs is left to the reader. For Si's we have: 

Q r Si((m ® n) (/io <8 &o )<&••• ® (/ir-i ® fer-i)) 

= fl,.((m (0) ® n (0) ) ®-h®k; (fto ® k ) (gi . . . (hi ® fc,) (1) ® (/i< ® fc 4 ) (2) ® • • • ® (/i r -i ® fc r -i) 
= fi r ((m (0) ® n (0) ) (/i ® fco) ® ■ • ■ (hf ] <g fcf } ) ® (hf ] ® kf>) <g> . . . (/i r _i ® fc r -i)) 

= (m (0) g)^ ho ® ■ • • <g /lf } gi /if } ® ... hr-x) ® ((n (0) ®k fc ® • • • ® fcf 5 ® fcj 2) ® • ■ • fcr-l) 
= (<5j (g) 5j)(m ®« /io ® • • ■ ® /ir-i) ® ®k: &o ® - • • ® fc r _i) 
= (<5i <8 5i)fl r ((m <g n) (ho ® fco) ® • • • <8 (/i r -i ® fcr-i))- 

For r r : 

O r r r ((m gi n) (g-H®x; (/io <g fco) ® ■ • • <8 (/i r <g fc r )) 
= r2 r ((m (0) g> n (0) ) (g w ®K: (/io <g fco) ® • • ■ ® (^r <8 fer) <8 ((m (_1) ® n ( ~ 1) )(/i (g fe )) 
= (m (0) (g w /ii (g • • ■ (g /i r <g> m (_1) /i ) (g (n (0) ®x; fci ® • • • <g k r ® n (_1) A;o) 
= (r r (g r r )((m (g-H /io ® • • • <g h r ) ® (n (g^ fco ® • • • ® fep) 
= (r r (g r r )f2 r (((m (g n) (g-^^K: (/»o ® ^o) ® • * • ® (^r <g fcr))- 
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The bijectivity of Q r is obvious. □ 

Using the Eilenberg-Zilber isomorphisms ([23]). (pTLo) . (gHH) , Kiinneth formulas (pHOI . (|3~!M)) . 
(|3.31[) . coupled with the above two lemmas, we obtain the following propositions. 

Proposition 4.1. Let T-L and K. be two Hopf algebras and M and N be SAYD modules over T-L and 
K. respectively. We have the the following isomorphisms for Hopf Hochschild, cyclic, and periodic 
cyclic cohomology of Hopf algebras with coefficients: 

HH*(H ® K,, M ® N) Si HH*(C(H, M) ® C(/C, N)), (4.34) 
HC*(H®1C,M ®N) Si HC*(C{H,M)®C(IC,N)), (4.35) 

HP*(U®K,,M ®N) Si HP*(C{H,M)®C(1C,N)). (4.36) 

Proposition 4.2. Let H and JC be two Hopf algebras and M and N be SAYD modules over T-L 
and /C respectively. We have the following formulas for Hopf Hochschild, cyclic, and periodic cyclic 
cohomology of Hopf algebras with coefficients: 

HH n {U®K:,M ®N)= HH i {H,M)®HH i {U,N), (4.37) 



i-\-j—n 



HC n - 1 {U®K:,M ®N) — ^— »■ HC P {H 1 M)®HC" 1 (IC 1 N) 

p-\-q=n—2 

HC r {H,M)®HC s {IC,N) — ^— > HC n (H®JC,M®N) — 



S<$)id—id(g)S^ 



r+s— n 

S<$)id— id<$)S 



HC l {U,M)®HC ] {JC,N) ^""^ > (4 38) 

n— 1 

HP n {H®K,,M ® N) = HP i {n,M)®HP j {'H,N), n = 0, 1. (4.39) 

5 Coproducts in Hopf cyclic cohomology 

In this section we define coproducts for Hopf Hochschild, cyclic and periodic cyclic cohomology of 
cocommutative Hopf algebras. The following statement plays an important role in the definition 
of these coproducts. 

Proposition 5.1. Let % be a cocommutative Hopf algebra and M a SAYD module over H. Let 

$„ = V ® A®" +1 : C n (H, M) — > C n (H ®H,M®M), 
be a linear map, where ip : M — > M ® M , satisfying the following condition 

(A ® ijj) o tp M = ip M ®M o ip- (5.40) 

Then the map 

Pn = n n $ n : C n {H,M) — ► (C(H,M) x C{H,M)) n , 
is a map of cocyclic modules. 
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Proof. Since H. is co commutative, one can easily see that p n Si = (5i®5i)p n where < i < n—l. 
We show that p n commutes with 6 n . For this we use the summation notation tp(m) = Tt(i) ®?ti( 2 ). 
The condition (|5.40l) is equivalent to: 

(ro ( i)) (_1) ® (mp))'" 1 ' ® (m (1) )W g (m (a) )<°> = ® m^" 1 ^ ® ( m (°)) (1) ® (m(°») (2) , 

By cocommutativity of % we have: 

(<f„ ® 5„)n n _i(V> ® A® n )(m ® /i ® • ■ • ® /i„-i) 
= (5 n ® 5„)O n _i(V'(m) ® A(ft ) ® • • • ® A(/i„_i)) 
= (5„ ® <U (™(i) ® /if 5 ® . . . /i^) ® (m (2) ® /if ) ® . . . Zif.li) 

= n n ^((m {1) )W g, /jWf 2 ) g ftW ® . . . g, ftWj ® (mp))!- 1 ^ 11 ' 1 ') ® ((™ (2) ) (0) (8 4 2)(2) ® 

/ i f ) ®---®/ l i 2 2 1 ®(m (2) ) ( - 1) 4 2)(1) ) 
= ^^(((md))^ ® (m (2) )(°)) ® (4 1)(2) ® 4 2)(2) ) ® (/if > ® /if } ) ® • • • ® 

® Kjp)^ ® ( m(2 ))<- 1) 4 2,(1) )) 

= IVi^M^ ® (A(/n))( 2 ) ® A(/i 2 ) ® • • • ® A(/i„_ x ) ^(m)^^(A(/ii))^) 
= n n _i(V>(m (0) ) ® A(4 2) ) ® A(/n) ® • • • ® A(/i n _!) ® A(m ( - 1) )A(4 1) )) 
= n n -!(ip ® A®")(m (0) ® 4 2) ® /i! ® • • • ® h n - x ® m ( - 1} /if 5 ) 
= Q„_i(V> ® A®")6„(m ® h ® • • • ® /i„_i). 

We show that p n commutes with r„: 

n n (V> ® A®" +1 )T„(m ® /i ® ti! ■ ■ • ® h n ) 
= 0„(^ ® A®" +1 )(m(°) ® /ii ® • • ■ ® /i„ ® mt- 1 ^) 
= ft„(?A(m )) ® A(/i!) ® • • • ® A(/i n ) ® A(m(-^A(/i )) 

= n„(((m (0 >) (1) ® (m(°)) (2) ) ® (/if > ® /if } ) ® • ■ • ® (/#> ® h&) ® (m^ 1 )/^ ® m^ 2 )/^)) 
= ((™ (0) )(i) ® /if ® • • • ® hg> ® m^^^/if } ) ® ((^ (0) )(2) ® ?if } ® • • • ® /il 2) ® m^^/if >) 
= (Hi)) (0) ® /if ) ® • • • ® /i« ® m^/i^) ® ((^(2)) (0) ® /if ) ® • ■ ■ ® /il 2) ® mj^/if } ) 

= r„(m (1) ® /i^ ® • • • ® ftW) ® r„(m (2) ® /i[, 2) ® • • • ® /i£ 2) ) 
= (t„ ® r„)fi n (^(m) ® A(/i ) ® • • • ® A(ft„)) 

= (r n ®r„)O n (^® A® (n+1) )(m® w /i ® ■ ■ ■ ® /i n ))- (5.41) 
So we have: 

O n (^ ® A^(" +1 ))r„ = (r„ ® r n )Q n (V ® A^ n+1 )). 

□ 

Now we have all the needed tools to define the desired coproducts. The following theorem 
provides a coproduct for Hochschild cohomology of a cocommutative Hopf algebra with coefficients 
in a SAYD module. 

Proposition 5.2. Suppose % is a cocommutative Hopf algebra, M a SAYD module over %, and 
if) : M — > M ® M, a linear map satisfying (|5.40j) . The following map 

U = 3{Shp)* : HH n {U, M) — > EE\U, M) ® HH j (H, M), (5.42) 

iA-j—n 



n 



defines a coprodcut for Hopf Hochschild cohomology where 3 is as (|3.2ip . 

Proof. This is obvious because of the fact that the shuffle map Sh, the Kunneth map 3 and 
p are maps of Hochschild complexes. □ 

Proposition 5.3. In the Connes-Moscovici case with M — kg, we have an explicit formula for 
Shp: 

Sh n p n (hi <g> ... (8) h n ) = sign(a){h a{1) ® ... <g> h a{p) ) <g> {h a{p+1) ® ... <g> h a ( p+q )), (5.43) 

a 

where a runs over all (p,q)- shuffles. 

Proof. Using e(/iW)/j( 2 ) = e(h^)h^ = h, wc have: 

Sh n £l n ®n(hl ® •■• ® /in) 

= Sh n {{h{ 1] ® ... ® hM) ® (^ 2) ® ... <g> 

= ^ si 9 n {°){K(l) ® •■• ® ^ff(p)) ® (^ff(p+l) ® ■■• ® ^ff(n))- 

(7 

□ 

One knows that Hochschild homology of a commutative algebra is a graded commutative and 
associative algebra [23] . Analogous to this classic result we have: 

Proposition 5.4. The Hopf Hochschild cohomology of a cocommutative Hopf algebra % with 
coefficients in a SAYD module M equipped with map ip satisfying (|5.40|) . is a graded cocommutative 
and coassociative colagebra by ()5.42|) . 

Proof. The cocommutativity and coassociativity can be verified by scries of long, but straight- 
forward, computation which we omit here. □ 

By (|4.38[) . the Kunneth map in the case of Hopf cyclic cohomology is: 

q = dp J {S®id-id®S)d. (5.44) 

Theorem 5.1. Suppose % is a cocommutative Hopf algebra and M a SAYD module over H, 
equipped with a map ip : M — > M ® M satisfying (|5.40[) . The following map 

U = <;(Shg)* : HC n (H, M) — > HC P {H, M) ® HC q (H, M), (5.45) 

p+q=n 

defines a coproduct for Hopf cyclic cohomology ofH with coefficients in M , where g = ®i>o^n—2i, 
and ? is as (|5.44|) . 

Proof. This is a consequence of the fact that g and Sh are maps of (6, i?)-mixed complexes. 

□ 
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Theorem 5.2. Suppose H is a cocommutative Hopf algebra and M a SAYD module over T-L, 
equipped with a map ip : M — > M ® M satisfying (|5.40|) . The following map 

U = V{Shg)* : HP°(H,M) — > HP l {U,M) ® HP ] (U,M), n = 0,l, (5.46) 

i+j=n 

defines a coproduct for periodic Hopf cyclic cohomology where ~g = ©j>o3>2i+*i and V is as (|4.39|) . 

Now we provide some examples of the map ip satisfying the condition (|5.40p . 

Example 5.1. Let H, — kG be the group algebra of the discrete group G. Suppose M is a SAYD 
module over T-L. One can check that M is a G-graded vector space M = (B ge cM g , where the coaction 
tp is defined by if(m) = g ® m. The stability condition implies gm = m for all m G M g , and anti- 
Yetter-Drinfeld condition is equivalent to hm £ M hgh -i for all g and h G G. Since g is a group-like 
element, any linear map ■ M — > M®M, with ip(M g ) C M g ®M g satisfies the condition (|5.40[) . 

Example 5.2. Let % = U(q) be the universal enveloping algebra of a Lie algebra Q and M an 
arbitrary module over T-L. We can define a comodule structure on M by trivial coaction: m i — > 
1 ® m. It can be shown that M is a SAYD module over H and any linear map %j) : M — > M ® M, 
satisfies (|5.40p . 

Example 5.3. Let H be any cocommutative Hopf algebra and M = x ks- It is easy to check that 
any linear map ip : M — > M ® M, satisfies the condition (|5.40[) . We use this example to get a 
coproduct in Connes-Moscovici setting in the following corollary. 

Corollary 5.1. // M ^kg then the coproducts (|5.42[) , (|5.45p , (|5.46[) reduce to coproducts for 
Connes-Moscovici Hopf Hochschild, cyclic and periodic cyclic cohomology of a cocommutative Hopf 
algebra H. 



6 Relation with coproduct in Lie algebra homology 

In this section we show that the coproduct (|5.46p for periodic Hopf cyclic cohomology for H =U(q), 
the universal enveloping algebra of a Lie algebra g, agrees with the coproduct in Lie algebra 
homology. Recall that the periodic Hopf cyclic cohomology of H = U{q) is given by [3] 

HP { * s l) (U(g)) @if 2fe+ «( fl , k s ), (6.47) 

fe>0 

where * = 0, 1, and kg is a g-module via the character <5. The right hand side of this isomorphism 
is the Lie algebra homology of g with coefficients in kg. It is the homology of the the following 
mixed complex: 

A% ^ A x s ^ A 2 s ^ (6-48) 

ooo 

where dn e denotes the Chevalley-Eilenberg differential for Lie algebra homology. The isomorphism 
(|6.47p is induced by the anti symmetrization map A n : f\ n g — > U{o)® n , given by 

A • • • A g n ) i — > —(^2 sign{o-)(g a ( 1) ® • • • ® g a ( n ))- 
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Here a runs over all permutations of the set {1, 2, . . . , n). If 5 = e, then due is given by 
d L ie(gi A • ■ • A g n ) = {-l) t+3+1 [9t,9j] A (gi A ■ • • A & A ■ • • A gj A ■ • • A g„). 

l<i<~i<n 

Let C^ ze (o) = f\ n g. One knows that Lie algebra homology with trivial coefficients is a coalgcbra 
by the following coproduct 

p+q=n 

given by 

U iie {gi A • • ■ A g n ) = ^2 signirfig^) A • • • A g a(p) ) ® (g a ( P +i) A ... A (6.49) 

a 

where a runs over all (p, g)-shufflcs. Since e(gi) ~ for all gi 6 g, the image of the anti symmetriza- 
tion map is in the normalized complex of C n (U{Q)) = U(g)® n . One can define the following map 
of mixed complexes: 

A„ = A i ® A o ■ © ( Al 0) ® ( A 'fl) — ► (^(fO) ® (.*))■ ( 6 - 5 °) 

i + j — n i-\-j=n i-\-j—n 

It induces a map: 

A* : H 2k+ *(C Lie (g)) g C ite ( ))) — > HP*(C(U(g) ® C(W(fl)). 

fe>0 

Now using the Kiinneth formula (|4.39|) . we obtain the following map: 
V(AU Lle )* : 0i/ 2 „ +1 ( ,fc £ ) HP{ eil) (U( S )) ® if P ( o £a) (W( ))©i/P ( o e!l) (W(0))® J ffP ( 1 e4) (W(0)), 
and similarly for the even case. 

Theorem 6.1. Under the isomorphism (|6.47[) . t/ie coproduct (|5.46|) /or i/ie periodic cyclic coho- 
mology of the universal enveloping algebra U{q) with trivial coefficients coincides with the coproduct 
of Lie algebra homology. Equivalently, the following diagram commutes: 

C^ e (g) C"(W(fl)) 

Ju«. Jy (6.51) 

(C Lie (g)®C iie ( fl ))„ — (C(W(fl)) ® C(W(fl))) n 
where U' = ShflA® 71 . 

Proof. The commutativity of the diagram is equivalent to 

sh n n n A^ B) A n © s /i; i+2 0„ +2 Ag"+ 2 A n+2 = A„ U Lie . (6.52) 
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Using the Proposition 15. 31 one can easily see 
where 



U iie (31 A • • ■ A g n ) = ^ Y si 9 n ( a )(9cr(i) ® • • • ® g a ( P )) ® (5<r( P +i) ® ■ • • ® 3<7(n))- 

p=0 o-GS„ 



Now it is enough to show: 



which means this term will be zero on the level of homology. To do this, first we compute 

A ®(n+2), 
"n+2^ W ( B ) A n+2 ■ 

n n+2 (A®l n g + 2) )A n+2 ( gi A • • • A 3„+ 2 ) 

= ^n+2 ^ A® ( ( ^ +2) ( g(T(1) <g> ■ ■ • <g> 3<x(n+2)) 

= fin+2 (A(g a{1) )A(g r7{2) )...A(g r7{n+2) )) 

o-es„ +2 

= ^n+2 (t 1 ® 5<r(l) + 3.7(1) ® 1) • ■ • (1 ®9a{n+2) + 3(7 (n+2) ® 1)) 

o-es„ +2 

n+2 

= X! X! (5^(1) ® ••■®S , ,7(p) ® 1 ® •■• ® 1) ® (5o-(p+l) ® ••• ®5<7(n+2) ®1 ® ••• ® 1), 

p=o a-e,s„ + 2 

where in the last sum, 3,7(1), . . . ,g a (p) an d 3o-(p+i), • ■ • ,5o-(p+g) appear in (p, q)-shufne spots. For 
example when n = 1, we have: 

ftaAgj^Cffi A .92 A , 93 ) = (1 ® 1 ® 1) ® (g a(1) ® 3,7(2) ® fl<r(3) ) 
+ (1 ® 1 ® c/ ct(3 )) ® <g> 5^(2) ® 1) + (1 ® 5 ct(2 ) ® 1) ® (8> 1 <8> 3,7(3)) 

+ (1 ® 3.7(2) ® 3<r(3)) ® ® 1 ® 1) + ^(l) ® 3,7(2) ® 1) (8 (1 <g> 1 ® 3,7(3) ) 

+ (fl<r(l) ® 3(7(2) ® 3.7(3)) ® (1 ® 1 ® 1) + (3(7(1) ® 1 ® 1) ® (1 ® 3(7(2) ® 3.7(3)) 
+ (3.7(1) ® 1 <& 3<r(3)) ® (1 ® 3<r(2) ® !)■ 

Since sh' n = ®i+j= n +2sh' i ■, it is enough to show s/i^ • = 0, for all 1 < i, j < n+ 1. For s/i^-, we 
apply degeneracies, i.e., counit e, n + 2 times on the following elements: 

(3 CT (l) ® ■ ■ ■ ® 3<7(p) <g> 1 ® • ■ • (8) 1) ® (3 ff (p+i) ® • • • ® 3a(n+2) ® 1 ® • • • ® 1), 

and then we apply (s^m ® • • • s o-'(g)) ® ( s o-'(g+i) ■ • • s <7'(ri))- Now for the terms which are zero, there 
is nothing remained to prove. Those which are not zero, should be in the forms of 

(3<7(1) ® ■ • ' ® 3<7(i)) ® (3ff(t+l) ® ' ' - ® 3ff(n+2)), 
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for some 1 < i < n + 2. Here a runs over all permutations in S n +2, the symmetric group in n + 2 
terms. Now we compute 

eCp_ 1 r p+1 ( 3(T(1) <g> ■ • ■ ® g a{€) ) <g> a : > j Z 1 q _ 1 T q+1 (g a{i+ i) <g> • • • ® 3 CT („+2)). 

Let u(i + 1), . . . , c(n) be fixed. For any < k < n + 2, we have: 

o l i Z 1 k T k (g a[1) ®---®g a{€) ) 

= s^g^k+D ® 5(^ ) 1) )5 CT(fe+ 2 ) ® • • • ® sO/^y 

^(^-/Vw ® ' • ■ ® S(ffi? fc) )fcC2) ® 5(5% 

i-l 

= °i-fc(£ £ ®---0<r(r-l) ® 

crgSp r=fe+l 

9a(k)9a(r) ® 5<r(r+l) ® " ' • ® ® 1 (8 3^(1) ® " ' " ® ^(i-l) 

+ 9a(k+l) ® ■ ■ • ® ftr(t) ® 5 CT (fc) (8 <8> • ' • ® &r(i_l)) 



p-1 



= £ £ -9- 


(fe+i) ® •• 


■®ga(r-l) ® 




creS; r=fe+l 








9a(k)9a{r) ® £ 


'<r(r+l) ® 


■ • ■ ® 9a(i) ® 5,7(1) 


® • ■ • ® 9<r 


£ 


ff<r(l) ® ' 


• ' ® 9a(v)9a(w) ® 


■ ■ ■ ® ffo-(i) 


CT^S'i,o - (?;)>cr(r(; 


) 






+ £ 


9a(l) ® ■ 


• ' ® 9cr(w)9a(v) ® 


' ' ■ ® 3<x(i) 


vGSi ,<r(v)>cr(w 


) 






£ 


ftr(l) ® ' 


• • ® 9a(v)9a(w) - 


9a(w)9a(v) 


o - {ES'i,o'(i>)>£7(it; 


) 






£ 


3<r(i) ® • 


■ ■ ® [9a( W ),5 CT (w)] 


® • • ' ® &7I 


<7£Si ,<7{v)>rr(w 


) 






= A([9a{v)i9<j(u 


.)] A ff<7(l) 


A • • • A g CT(tu) A • • 


• A 3 a(t ,) A 



= Ad^Gfc A ■■•Aft). 



7 Coproducts in Hopf cyclic homology 

In this section we define coproducts for Hopf cyclic homology in the sense of [ITJ [19] . We show 
that for group algebras our coproduct coincides with the coproduct in group homology. In this 
section we assume M is a left-left stable anti-Ycttcr-Drinfcld module on a Hopf algebra H. Let 

C n {H,M) =U® n+x U n M n>0, 
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where XU H Y = ker(A x ®id- id® y A) : X (8 Y — > X ® Ti ® Y is the cotensor product of X 
and Y [TTJ [T^] - One can define faces, degeneracies and cyclic maps on {C„(H, M)}„ s n as follows: 

Si(h 8> . . . ® h n 8> rn) = ho <8 • • • ® hih i+1 8> . . . ® /i n ® m, < i < n, 
<S„(/io 8> • • • ® /in ® to) = /i^/io ® /ii • • • ® ftn-i ® h$m, 
<Ti(ho ® . . . 55 /i„ <8 to) = ho <8 . . . (8 /ij <8 1 (8 . . . ® /i n (8 m, < z < n, 

r„(/i (8 . . . (8 /i„ ® to) = (8 /io <8 . . . <8 h n -i ® h$m. 

The homology of the above cyclic module is by definition the Hopf cyclic hj3mology of the Hopf 
algebra H with coefficients in the SAYD module M and will be denoted by HC*(H, M). 

Lemma 7.1. Let H and /C be two Hopf algebras and M and N SAYD modules over % and /C 
respectively. The following map is an isomorphism of cyclic modules 

n n :(H® 1C)® n+l n H9lc {M 8> N) — > (H® n+1 a n M) ® (K.® n+1 a K N), (7.53) 

given by 

((h (8 ko) <8 • ■ • <8 (h n (8 fc„) (8 (m (8 r)) i — ► (/io <8 • • • ® /in ® to) (8 (&o <8 ■ • ■ ® fc n <8 r). 

Proof. We prove f2„ commutes with Si and r n , where < i < n. One can easily verify this 
for S n and degeneracies. 

(Si 8> 5j)f2 n ((/io <8 fco) ® ■ • ■ ® (h n <8 fc«) <8 (m (8 r)) 
= (<5j 8 S()((ho 8) ■ • ■ ® /i n 8> to), (fc <8 • ■ • <8 fc n ® 0) 
= <5j (/i (8 • • • (8 /i n <8 to) (8 Si (k (8 • • • <8 k n 8> r) 
= (/i (8 . . . h t h i+ i 8> • • • <8 h n ® to) <8 (ko <8 ■ ■ ■ hk l+ i 8> • • • ® fc n <8 r) 
= O n ((/io <8 fco) <8 • • • <8 (hih i+ i 8> fcj&i+i) <8 • • • (8 ((/i n <8 fc„) 
= Q n Si((ho ® k ) ® ■ ■ ■ ® (h n ® fc„) 8> (to (8 r)). 

Since % is an %-comodule algebra by comultiplication, we have: 

(r„ (8 T n )Q n ((h (8 fco) ® • • • <8 (h n (8 fc„) (8 (to (8 r)) 
= Tn(/io <8 ■ • • (8 h n ® to) (8 T„(fc <8 • • • <8 k n <8 r) 

= (frW <8 ho <8 • ■ • <8 /i„-i <8 /i1 2) to) (8 (A4 x) (8 fc 8 • • ■ (8 fc„-i <8 k n 2) r). 
= fl n (h^ 8) fc^) (8 (/i <8 fco) (8 • • • 8) (/i„-i 8) /i„-i) (8 (/4 2) to 8 k n 2) r) 
= fl n (h^ <8 fc^) <8 (/i <8 fc ) (8 • ■ • (8 (/i„_i (8 /i„_i) (8 (/4 2) to (8 k n 2) r) 
= fl n T n ((ho 8> fco) <8 • • • (h n ® fc„) 8) (m® r)). 

□ 

Using the previous lemma, the Eilenberg-Zilber isomorphism, and the Kunneth formula we 
obtain the following proposition: 

Proposition 7.1. Let W and K. be two Hopf algebras and M and N be SAYD modules over T-L and 
K, respectively. We have the following isomorphism for Hopf Hochschild homology with coefficients 

HH n (U®K.,M®N)~ HHi(H, M) (8 HHj(K., N). 
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Also one has the following long exact sequence for Hopf cyclic homology with coefficients: 
... — > HC n ('H ® /C, M ® N) ® i+j ^ n HCi{n,M)®HCj{fC,N) s ^ d ~' ld ® s ) 

©i+^jffCit^MJgffCj^JV) — ffC' n _i(ft®£ I M®J\0 (7.54) 

Furthermore if (HC(H, M)[—2m], S)-2m satisfies the Mittag-Leffler condition and HP^{% 1 M) is 
a finite dimensional vector space, then we obtain the following isomorphism for the periodic Hopf 
cyclic homology with coefficients: 

HP (H ® K,M ® N) ~ HP (H, M) ® HP {IC, N) © HP^H, M) ® ffPi(£, JV), 

and similarly for the odd case. 

Proposition 7.2. Let % be a cocommutative Hopf algebra and M a SAYD module over % equipped 
with a map ip : M — > M ® M satisfying the condition: 

iP(h.m) = A(h).tp(m). (7.55) 

The following map 

Pn = ft n $„ : G n {H,M) — ► (C(H,M) x C{H,M)) n , 
is a map of cyclic modules where 

= V ® A® n+1 : C„(«, M) — -> C n (« ®H,M®M). 
Proof. We only check the commutativity of p n with 8 n . The condition ([735} is equivalent to 
(/i.m)(!) ® (/i.m)( 2 ) = fe^.m(i) ® h}- 2 ' .m^y 
By cocommutativity of % we have: 

(<5„ ® <5„)fi n (A®" +1 ® </>)(/i ® •■• ®h n ®m) 
= S n (h { a 1] ® ■ ■ • ® /i^ ® m(i)) ® <5„(4 2) ® ■ • • ® fr£ 2) ® m {2) ) 
= (h£K>hW ® fc< X) ® . ..^ ® /il 1)(2) m (1) ) 

®(/4? )(1) ^ 2) ® fc< 2) ® . . . ® /il 2)(2) m (2) ) 
= n n ((/il 1 )( 1 )ft« ® (^ 2)(1) 4 2) ) ® (hP ® h^) 

® • • • ® (/i^i ® 7ii 2 2i) ® (^ 1)(2) m (1) ® /#>< 2 >m (a) ) 
= ^((/i™ 1 ^ ® (^«4 a) ) ® (h? ® ft< 2 >) 

(8 • • • ® (/i^i ® hglj ® (^ 2) ™)(i) ® (^ 2) m) (2) ) 
= 0„(A®" +1 ® ^)(h^h ® hi ® • • • ® /i„_i ® /ii 2) m) 
= n n (A® n+1 ® ip)6 n (ho ® ••■«/!„ ®m). 



□ 



Now we are ready to define the desired coproducts. 
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Proposition 7.3. Let % be a cocommutative Hopf algebra, M a SAYD module over T-L equipped 
with a map ip : M — > AI ® M satisfying (|7.55[) . The following maps define coproducts for 
HH*(H,M), HC*(H,M) andHP*(H,M): 



U = -3{AW n n n $ n y : HH n (H, M) — ► HH P (H, M) g> HH q (H, M), (7.56) 

and 



p+q=n 



u = i(Aw n nM* : Hc n (n, m) — > hc p {h, m) ® Hc q (n, m), (7.57) 

p+q=n 

where <f>„ = ©i>o^ > n-2i and Q n = ©i>o^n-2i- Also if (HC(H, M)[— 2m], S)_2m satisfies the 
Mittag-Leffier condition and HP *(!-(., M) is a finite dimensional vector space, then 

U = V(AW n n n $ n )* : HPx(U, M) — ► HP Q {U, M) ® 2Pi(ft, M) © M) © /fP (%, M), 

(7.58) 

where $„ = ©•j>o < &2» <wrf H„ = ffii>o^2i and similarly for the even case. 

Proof. These are the results of the fact that by Lemma \7. 11 the morphisms $, <!> and $ are 
maps of (b, i?)-mixed complexes. □ 

Recall that the Hopf Hochshild and Hopf cyclic homology of a group algebra H = kG are 
computed in |19j and are given by 

HH n (kG) = H n (G, k), (7.59) 

and 

HCn(kG) L H n - 2i (G, k), (7.60) 

where on the right hand side group homologies of G with trivial coefficients appear. The coproduct 
in group homology is induced by the map 

n 

U Gr (gi, . . . , g n ) = y^(gi ® ■ ■ ■ ® g k ) ® (g k+1 ® ■ ■ • ® g n ). (7.61) 

fc=0 

Lemma 7.2. The coproduct for Hopf Hochschild homology of a group algebra kG coincides with 
the coproduct of group homology, i.e., 

U(ffi ® ■ ■ -®g n ) = Uo(ffi) ■ • -,9n)- 

Theorem 7.1. Under the isomorphism (|7.60[) . the coproduct 57[) for the Hopf cyclic homology 
of the group algebra kG with trivial coefficients coincides with the coproduct of group homology . 
Equivalently, the following diagram commutes: 

C n (kG) — C^{G,k) 

Jy Uor (7.62) 

(C(kG)®C(kG)) n — (C Gr (G,fc) ®C Gr (G,fc))« 
where U' = AW^fiA®", = fcG" and 0' = £ t>0 6>„_ 2t ® 6 n ^ 2t . 
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8 Cup products in Hopf cyclic homology 

In this section we define cup products for Hopf Hochschild and Hopf cyclic homology of a commu- 
tative Hopf algebra. 

Let % and /C be two Hopf algebras. The map 

x = sh M : C P (H) 8> C q (K) — ► (C(H) x C()C)) p+q , (8.63) 

commutes with Hochschild boundaries and therefore by composing it with the map Q given by 
(|7.53p . one obtains the following map 

((/ii<g>- • •<8>/i p )®(A;i(8)' • -®k q )) i — > ^2 sign(cr)((/i (T -i( 1 )(g)l)®. . . (/i <T -i( p )®l)(8(l®fe -i(i)®. • ■ (l®k a -i 

where <r runs through (p, q)-shufflcs. This map induces a product in Hopf Hochschild homology: 

HH P (H) ® HH q {K) — > HH p+q (H <g> /C). 

When "H is commutative we can compose the above map with the the multiplication map 
TL®TL — ► % to obtain a product on Hopf Hochschild homology. 

Proposition 8.1. Let % be a commutative Hopf algebra. The map 

x : HH P (H) ® fftf g (70 — > HH p+q (U), 

induces a structure of graded commutative algebra on HH*(H.). 

Proof. Since H is commutative, the multiplication map m : H ®T-L — > % is a Hopf algebra 
map. Now composing (|8.63[) . for TL = /C, with the maps induced by m and fi, provides us a product 
map: 

x : C P (H) ® <7 a («) — > C P+9 (H), 

given by 

(hx ® ■ ■ ■ ® hp) x (hp+i <g> • • • <8> V+-<?) = siffn((r)(/i .-i( 1 ) <g> • • • <8> h^-i^^). 

a 

Here cr runs over all (p, q)-shufRes. Therefore C*(H) becomes a graded algebra. □ 

Now we define a cup product for Hopf cyclic homology of a commutative Hopf algebra. 

Proposition 8.2. Let TL and K, be two Hopf algebras. The following map is a map of (b, B)-mixed 
complexes: 

* : Tot,BC p (H) (g> TotBC q {JC) — > TotB(C(H) x C(JC)) p+q+u 

given by 

(x p , Xp-2, ■■■)* (y P , y P -2, ■■■) = (Bxp x y q , Bxp x y q _ 2 , . . . ). (8.64) 
Proof. It is enough to show: 

b(Bx p x y q ) + B(Bxp x y q _ 2 ) = B(bx p + Bx p - 2 ) x V q + {-l) p Bx p x (by q + By q _ 2 ), (8.65) 
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and similarly for the other terms. Let sh' i: j(x,y) = x x' y. One can verify Bx x' y = and 
x x' By = 0, for all x and y in the normalized complex. The equation [B,sh] + [b, sh'] = is 
equivalent to 

B(x x y) - (Bx x y + {-l)' l x x By) = -b(x x' y) + bx x' y + {-l)' l x x' by. 
By substituting By instead of y in the above equation we obtain: 

B(x x By) = Bx x By. 

Now (|8.65[) is the consequence of the fact that [b, sh] =0. □ 

Theorem 8.1. The map * induces the following associative product 

HC P (H) ® HC q (K.) — ■» HC p+q+1 (H ® /C), 

m iJop/ cyclic homology. If we consider HC n {l-L) of degree n + 1, i/ien i/ie product is graded 
commutative, i.e., 

x*y = {-l) {p+1){q+1) (y*x), 

for x e HC p {H) and y £ HC q {K). 

Now we are ready to define a cup product for Hopf cyclic homology of commutative Hopf 
algebras: 

Proposition 8.3. Let % be a commutative Hopf algebra. The product * induces a graded commu- 
tative algebra structure on Hopf cyclic homology: 

HC P (H) ® HC q (H) — > HC p+q+1 (H). 

Proof. This is the consequence of that fact that when T-L is commutative, the product map m 
is a Hopf algebra map. □ 

One can see that 

Proposition 8.4. The boundary map d in the Kiinneth long exact sequence (|7.54j) is the same as 
the product * in Hopf cyclic homology, 

d(x ®y) = x-ky, 

where x S HC P (H) and y € HC q {K). 
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